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On the Order of Magnitude of the Coefficients of a Fourier Series, 

By Prof. W. H. Young, Sc.D, F.E.S. 

(Eeceived August 9, 1916.) 

§ 1. Eiemann's theorem that the coefficients of a Fourier series converge 
to zero was shown by Lebesgue to still hold when integration is understood 
to be in the general sense now employed, absolutely convergent, or Lebesgue 
integration. Little progress has, however, been made in the determination 
of the order of magnitude of the coefficients. It has, indeed, been proved 
that, when the function has bounded variation, na^ and nhn are bounded 
functions of n, and that, when the function is a continuous function of such 
a type as satisfies a condition of Lipschitz,'* n^an and n^hn converge to zero, 
where ^ is a positive number not greater than unity, depending on the 
particular Lipschitz condition satisfied by the function. As regards the 
second of these results, involving the satisfying of a condition of Lipschitz, 
it is to be remarked that, in well-known series of the type 

^n'^GOBnx and l^n"^ sinnx, 

the functions of which they are the Fourier series do not, in any interval 
containing the origin, satisfy any condition of Lipschitz, being, indeed, 
unbounded. 

In the present communication I obtain a number of theorems corre- 
sponding to each of these two results, including them as particular cases, and, 
at the same time, leading to the known properties of the simple sine and 
cosine series above referred to. 

It will be remarked that the conditions supposed to hold in the 
neighbourhood of the origin and the remaining part of the interval of 
periodicity are different ; this is inevitable, if they are to be as wide as 
possible. It might be, perhaps, supposed a priori that conditions of a far 
more general type would be adequate ; this is not, however, the case. It is 
still more unusual for na^ and nhn to converge than it is for the Fourier 
series to converge. Indeed, if the Fourier series converges at the origin, and 
nctn converges to zero, the Fourier series must do more than ordinarily 
converge, it must converge to a Cesaro order of negative unity. A similar 
statement holds good of the convergence of a^, and h^ when multiplied by a 
function of n of lower order of magnitude than n. There is, however, a 

* H. Lebesgue, " Sur la representation trigonometrique approchee des fonctions 
satisfaisant a une condition de Lipschitz," 'Bull, de la Soc. Math, de France,' vol. 38, 
pp. 1-27 (1910). 
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theory of Cesaro convergence of successions analogous to that for series, 
where we consider instead of the convergence of nan, ^6«, ^^^?i, 'f^^^^m the 
arithmetical integral, or fractional, means of these quantities. 

When this is done, more general results are possible. For example, if the 
Cesaro order is of a type greater than or equal to unity, only the nature of 
the function in a small neighbourhood of the origin matters, equally when we 
consider convergence or oscillation. 

We can, however, no longer, in employing this theory, speak of the 
results obtained as referring to the order of magnitude of the coefficients of 
a Fourier series. I propose, however, as they have an important application 
in the theory of Fourier series, to consider these questions on a subsequent 
occasion. 

For simplicity of expression, the theorems have been stated for functions 
which are either odd or even. It is hardly necessary to point out that the 
results are perfectly general; when f{x) is not itself odd or even, 
J[/(^')+/("~^)] is th^ even, and |[/(^)— /(— ^)] the odd, function which 
takes the place of f{x) in the theorems, % and &» being then the coefficients 
of Qo^nx and sin wi^ in the Fourier series oif{x\ 

§ 2. For completeness the theorem about to be given and the following one 
are stated generally, though information as to the order of the coefficients 
% and hn is only given by the latter half of each.** 

Theoeih 1. — If an ie the typical coefficient of the Fourier series of an even- 
function of hounded variation^ then 

nan-^Q, 

when the convergence is taken in the Cesaro manner, of aMy positive type what- 
ever ; moreover, the convergence is ordinary convergence if the function be an 
integral in every interval not containing the origin. 
Let g (x) be the function in question, then 

1 r«- 2 C^ 2 i^ 
nan = -™ '^ig (^) cos nx dx = - I ^ (x) d (sin -nx) = I sin nx dg (x) 



rre 2 f^ 

I Bmnxdg(x)--' - mnnjKdg(x\ 



Case h Let g (x) be an integral in every interval not containing the origin ; 
then by the Theorem of Rienjann-Lebesgue the first term of the expression 
just written down approaches zero. 

*^ It should be remarked that the second half of Theorem 1, if we assume the known 
properties of a function of bounded variation, reduces to the theorem which I have 
called that of Riemann-Lebesgue. It is inserted to preserve the parallelism between 
the Fourier series and its allied series. The whole of Theorem 2 breaks new ground. 
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* 
Case 2. If g {x) be not such an integral, then the first term approaches 

zero, when the conYergence is taken in the Ces&,ro manner, with any positive 

index, as is easily seen,* but does not do so in the ordinary manner. 

In either case we reduce to the consideration of the second term. This is 



numerically ^- l 



dg(x) 



; and therefore is as small as we please, if g (x) is 



continuous at the origin. 

But even if g (x) is discontinuous at the origin, such a discontinuity could 
not affect this fact, since miinx is zero at the origin. Therefore in all 
cases the second term in our expression approaches zero, which proves the 
theorem. 

Theokem 2. — If hn he the typical coefficient of the Fourier series of a% odd 
fwiiction of howndedj variation, tlun 

1 1 

nhn ^ -{g (-f 0)— ,9' ( — 0) == - (jump at the origin), 

TV ' TT ' 

when the convergence is taken in the Cesciro maimer, of any positive type what- 
ever ; moreover, the convergence is ordinary convcQ-'genGe if the function he an 
iiitegral in every interval not containing the origin. 

Let g {m) be the odd function of bounded variation. Its Fourier series is 
unaffected by the values of g {x) at the origin and the extremities tt and — tt, 
and we may therefore with advantage suppose the value of g(x) at these 
points to be that given by summing the Fourier series of g{po), namely zero, 

so that 

^(0) = ^('7r) = <^(-7r) = 0. 

We then have, if 5« be the typical Fourier coefficient of ^(^), 

1 r^ 1 f"^ 

= - I ng {x)minx dx =^ '— \ n {g (x) —g (—x)) sin nx dx 



Tib 



2 ttt 2 f"^ 

3= . \ g(x)d (cos nx) = - I cos ow& dg (x) 

2 fir 2 c^ 

= — I COS nx dg (x) + — I cos nx dg (x). 

Case 1. Let g (x) be an integral in every interval not containing the origin ; 
then the first term in the expression just obtained approaches zero as n-^oc , 
by the Theorem of Eiemann-Lebesgue. 

In 

^ In fact ^shinrc oscillates boundedly for e:^.'jo:S7r^ and therefore ~^ S sin ^/^^">0 



w 1 



% 



boundedly when l'>0. It follows that Ssin ns->0 boundedly, if summed in the CeB^ro 

1 

manner, index E This bounded sequence can by a known theorem be then integrated 

with respect to g {w) term-by-term. 
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Case 2. Let g{x) not be sucli an integral, then the first term approaches 
zero, as n-^oo, provided the convergence be taken in any Cesaro manner, 
index > 0.* Thus only the second term needs consideration. But this differs 
from 2^( + 0)/7r by a quantity which is numerically :^2 (Y (e)—Y {-hO))/7rj 
where V (x) is the total variation of g (x), by a quantity which is as small as 
we please, e being chosen sufficiently small. Thus 

1 
nbn = 2g(-\'0)/7r = (^( + 0)— ^(4-0))/7r = -(jump at the origin), 

w 

the convergence being in the Cesaro or ordinary manner, according as we 
have to do with Case 1 or Case 2. This proves the theorem. 

§4. The former of the two preceding theorems enables us to prove 
immediately that the derived series of the Fourier series of a function of 
bounded variation converges (C, 7^—1), (0>7^); more generally it converges 
with any negative Cesaro type on the positive side of —1. The latter of our 
theorems gives us the corresponding theorem for the convergence of the 
allied series, involving the usual further condition.f The two theorems also 
show that, when g(x) is an integral in every interval not containing the origin, 
the convergence is (C, —1). 

In the second half of Theorems 1 and 2J we may, both in the enunciation 
and in the proof, avoid the concept of function of bounded variation by 
changing the condition that the function should have bounded variation 
into what is in our case the equivalent condition that the differential 
coefficient of the function should possess an absolutely convergent integral. 

We divide the interval (0, e) at the point 27r/7i. We then have 



i: 



stn 



^'^ cos -, C^'i, ^v cos 



f{x) n . nxdx =■ /{xjn) ^T x clx ^ I /( + 0) ^'"'.^ xdx-^O, 



since, for all points x of the completely open interval (0, ir) 



/*7r 

/(7r)-/(^)= \f{x)dx, 



f{x) being by hypothesis an integral. Indeed the right-hand side having by 
hypothesis a unique finite limit when ^ -^ 0, the same is true of the left- 

* This follows from tlie fact that Scpsw.r oscillates boundedly for e<^^?rj and the 
rest of the argument is the same as for Theorem 1. 

t See a forthcoming paper by the author. Cesaro summability of negative integral 
indices has apparently been regarded as offering difficulties of at least an inconvenient 
character. In the theory of Fourier series this concept seems to me to be as indis- 
pensable as that of ordinary convergence. 

I So far as they relate to ordinary convergence of na^i and ^i^^^. 

F 2 
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hand side, thus /( + 0) exists and is finite. Also by the same equation /(i?;) 
approaches this limit boundedly, since the right-hand side is nimiericaliy 



'Tt 



f (x) dx. 



Again 



I / {m) n . Qix clx — 



/. s. S'VJh 
(x) . n,x 



2 7r/ri 



/ ^ nxdm. 



where the last integral is nnmericall}' 







/ («o 



(hy, 



which is as small as we please, e being chosen conveniently small. 
Hence, as before, the required results at once follow. 

1 5. In the next two theorems the assumptions made render f{x) an 
absolutely convergent integral in every interval not containing the origin. 
The following simple lemma is used in the proofs. 

JjEMMK.—Iff{x) is cm ahsohiiely convergent integral in the interval {e, tt), 

'where <ie, then 

r tTT .1 

fix) n cos nx~\-f(^}ie?} sin ne r- = 



It 



/•tt 



and 






f(x)n8m.nx—f{Qie)(i()Bne > — 0^ 



3ro. 



provided in the latter case /(tt) = 0, e.g., if f{x) is an odd fmietum represented 
at X ^ TT h/ its Fonrier series. 

We have in fact only to integrate by parts, and use the Theorem of 

/ (x) ' 'wx dx has the limit zerc 

g cos 

We now have the following theorem :— 

Theorem: 3. — Iff {x) is an even function, which in a certain neighhonrhood 

df . 
(^^e, e) surrounding the origin t-s such that x-f- is a function of bounded varia- 

ax 

lion, and in the remaining pccrt of the interval (— tt, tt) is itself an absolutely 
convergent integral, then the coefficients of the derived series of the Fourier series 

of f(x) converge to a unique limit, 7ianuly Lt / — o?-^), 

If an is the typical Fourier coefficient of /(^^), we have 
I TT nan = I f{x) n cos nx dx = Lt I / («) n cos nx dx + f(/x) n cos fix dxr, 

= f f¥) "^ ^^^ "^'^ +/(^^) s^'^^ ^^^ — Lt lf(t) sin ntA- f (I) sin ntdtV (1) 
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nince f{t) is the integral of f {t\ in the interval (i^, e), for in this interval 
not containing the origin,/' {t) is bounded. 
N'ow if we write g {x) for xf («), we have 



/(^)-/(0 



\f (t) dt 



Ci 



'git) 



dt 



.t 



^ A (log e — log f), 



where A is the upper bound of | ^ {x) j in (0, e). Therefore t f{t) certainly 
approaches zero as t approaches zero, and therefore the same is true of 
f{t) sin nt, n being for the moment fixed. Thus the limit on the right of (1) 

reduces to /' (i^)sin Titdt. 
Jo 

Using the Lemma (| 5), we have therefore, by (l),*^' 



Lt ' 



^ITftdn 



ft-->QO 



Lt 



'lt—>(X} 







9f (X) 



sm 7ix 



re 



dx = — Lt g{x) 

n->-co J 



sm 7bx -, 

ax 

X 



= — Lt g(x)n(j)' (nx) dx, (2) 



where 



0(0= C~dt 







t 



and is therefore a bounded function of t in the whole infinite interval (0, oo ). 
iSTow <j} (x) being an absolutely convergent integral in any finite interval, and 
g(x) a function of bounded variation, we may integrate by parts and write 

Lt ^ TT Qia-n = Lt -J —g (e) <^ (ne) + (p (nx) dg (x) 



■l)..-~>V^ 



«,.-<> QO 



But as 71-^00 , (p{iix)--^\iT, except at x=^Q, where its value remains zero, 
and the approach of (f> {nx) to its limit is bounded. Thus by a known theorem 
in the theory of integration with respect to a function of bounded variation, 



Lt I TT nctn ■=- —g {e) | tt -f- Lt ^ (nx) dg (x) 

7i-*Q0 J 



•//,->«) 



= -^00i-7r+ 



Jtt 



thus 



Lt net- 



n 



f + 
^dgi^jc) = j7r6/(4-0); 




which proves the theorem. 

Cor. — 'Iff {x) is cm emn ftmction, siich that x (df/dx) is a function of hounded 
variation throughout the whole interval ( — tt, tt), then the theorem is true. 

* The integralB in (2) are Lebesgue integrals, since g (^') has an absolutely convergent 
integral from to e, and sin n.v/s is continiions. 
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§ 7. Jt will be noticed that, from and after the equation (2), in which the 



1 



^ , , sin nx 



absolutely convergent integral - g (x) dx occurs, the proof consists 

TT Jo X 

merely in proviug that this has the unique limit g ('{')0, Neglecting 
quantities which vanish when n increases indefinitely, this is the expression 
for the sum of n terms of the Fourier series of g (x) ; we might, therefore, 
have simply quoted Dirichlet's results here, and omitted the rest of the 
proof. I preferred, however, to give what is virtually a new proof of this 
theorem of Dirichlet's. 

The proof of the following theorem has been written out slightly differently 
from that of the preceding theorem. Had we pursued the same lines, 
(l—cos^o;) would have taken the place of sin nx in the preceding article, 
in this sense, that we should have reduced the discussion to that of the 

absolutely convergent integral -- g (x) — dx, and accordingly have 

TT Jo X- 

proved that 7i5^ is effectively the sum of the first n terms of the allied series 

of the Fourier series of g(x). We have, accordingly, in the course of the 

following proof shown incidentally that the allied series of a function g (x) 

1 ^^ Q (x^ 

of bounded variation converges to - Lt '^^-^ dx-, provided only this limit 

TT e_».o J e "^ 

exists. This result had already been obtained by me by another method.^' 
§ 8. Analogous to the theorem of |6, we have the following :— 

Theorem 4. — If f (x) is an odd funcfAon having a definite limit as a? -^ 0, 
and stcch that, in a certain neighbourhood { — e, e) surrounding the origin, 
X (df/dx) is a function of hounded variation,' while in the remaining part of the 
interval (-—TT J ir), f (x) %s itself an absolutely convergent integral, then the 
coefficients of the derived, series of the Fourier series of f {£) converge to a unique 
limit, namely, 

Lt(«.6„)=^[/( + 0)-/(-0)]. 

n—><x> I* 

In fact, writing K for 2 IcTr/n, where k, like n, is an integer, 

/•tt rK rrr 

^y7rnhn=^ \ f{pfi)n Bin. nxdx ~ f (j/i) n sin nx dx + f (x)n sin nxdx, (1) 
Jo Jo Jk , 

and 

I /(^) ^^ sin nx dx = I fitjn^ siwt dt-^\ f(^-\- 0) sin x d.x -> 0. (2) 

•Jo Jo Jo 

^ " Konvergenzbedingungen fur die verwandte Eeihe einer Foiiriersclien Reihe," 
*Muncliener Bericht,' June 10, 1911. 
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Also 



Jk 



f(x)n mnnwch) 



fir 



n sin noo dx 4- 



&4- 1 f{x)d{ 
Jk 



1— cos^^a?), 



f{x) n sin nx dx + f {x){l— cos nx) 



A fix) n sin nx dx—f(e) cos ne > -f /(K) •+■ 



oif{xy 



eOBThX 



X 



(I/Xf 






since /(^c) is the integral of /' (a;), in the interval (K, ^) not containing the 
origin, for in this interval/' {x) is bounded. Here 

g (X) :=z Off' (X) 

is a function of bounded variation. Patting 

J2kir ^ 

so that <j) (t) is an integral, we may therefore integrate the last term of (3) by 
parts, and write 



^ , .G0B7hX 

g (jyr^ _ 



This is numerically 



1 



k 



TT 



ix — 


9 (■«) ^ ( 


'm)) 


K 


,^w 


re 
JK 


dg ii 


«) 



(j) (nai) dg (x), 
Jk 



yfc 



2V, where V is the 



TT 



total variation of g (x) from to e, and may therefore be put = M/yfc, where 

|M|-2V/7r. 

Hence, using the Lemma (§5), the right-hand side of (3), differs from 

/ (K) + M/k by a quantity which vanishes when n-^oo , and differs therefore 

from f(-\-0) + M/k by a quantity which vanishes when n-^ oo . Thus by (1), 

(2), and (3). 

l^Trnhn—fi-hO) 

remains, as n ->co , numerically :< 2 Y/ttL But k may be chosen as large as 
we please, therefore, ^^Trnbn-- f( + 0) can have no other limit except zero, 
when ^. -* CO . This proves the theorem. 

§ 9. Always provided that we ensure the vanishing in the limit of the 
portion of our expression due to the interval (e, ir) in the Theorems 3 and 4, 
the problem of the order of magnitude thus reduces to that of determining 
the conditions of convergence of the Fourier series of x df/dx^ and of its allied 
series. Corresponding to every known theorem regarding the convergence 

■^ This function must accordingly possess an absolutely convergent integral in ( -- tt, tt). 
It will be immediately recognised that this is the case in the theorems given below. 
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of such series, we have accordingly theorems relating to the order of magni- 
tude of na^ and nb^. 

With regard to the coefficient h^, it should be remarked that the extra 
condition for the convergence of the allied series, namely, the existence of 
the limit of a certain integral, reduces in the case of the order of magnitude 
problems to the condition that /(,a?) should have a unique limit as x -> 0. 

Thus we have the following theoi'ems which correspond to a test due to 
de la Vallee Poussin for the Fourier series, and my counterpart of it for the 
allied series. 

Theohem 5. — If f ip) i^ (^'^1 eve'^i function, and such that in a certain rieigk- 
Imurhood surrounding the origin 

1 {^ df 

t^ J aoc 



is a function of bounded variation, while in every interval not containing the 
origin f {x) is itself an ahsolutely convergent integral, then 



Lv na„ = Lt I -— - x --■ dx ). 

ax 






Theorem 6,—lff (x) is an odd fimctioii satisfying the same conditions, and. 
the further condAtion thatf( + 0) exists, then 

Ltnb„ = l(f{ + O)-f(-0y). 

Again, corresponding to tests due to myself, which I have recently simplified, 
we have the theorems : 

Theorem 7. — If f (x) is an even function, and such that in a certain neigh- 
botirhood surrounding the origin 

x-^ =z-\ h (x) dx, 
dx 'x]i) 

where - I | Z^' {x) \ dx is bounded, luhile in the remaining part of the interval 
( — TTj '7r),f{x) is itself an ahsolutely convergent integral, then 

Lt na^ ™ Lt [—^ jA, 

this limit being swpposed to exist. 

Theokem S.—Iff(x) is an odd function, satisfying the same conditions as in 
Theorem 7, cmd satisfying the further condition thatf(-{-0) exists, then 

Lt«&„ = i[/( + 0)-/(-0)]. 
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The conditions of Theorems 7 and 8 evidently render /(^"^ an absolutely 
convergent integral in every interval not containing the origin. Thus all 
that is necessary to ensure that the argument employed in Theorems 3 and 4, 
and explained in § 7, is applicable is to show that, in all the theorems of the 
present article, xf{x) converges to zero as a?-> 0. 

In the cases of Theorems 5 and 6 we have 

and therefore, since xdfjdx and /(a?) are both summable in the whole interval 
(0, e), by hypoLhesis, tf{t) has a unique finite limit asjJ->0. Now this limit 
cannot be other than zero, for if it were, /(a?) would in the neighbourhood of 
the origin be of the order Kjt, and therefore not summable from to €, 
whereas the Fourier series considered is that of /(a?), which is accordingly 
summable from — tt to tt. 

In the cases of Theorems 7 and 8, x dfjdx is bounded and therefore possesses 
an absolutely convergent integral in (0, e). Also from the identity 

d 



d,x 



[af (x) ] = / (x) + X dfjdx, 



we deduce ef{e)--tf{t)z=z fixjdx-i- x-y-dx, 

Ji Jt dx 

since o(yf{x) is an integral in (t, e). But each of the integrals on the right 
exists in the whole interval (0, e), therefore the right-hand side of the last 
equation has a imique finite limit us ^ -^ ; hence also tf{t) has a unique limit, 
which, as before, must be zero. 

1 10. It will be noticed that, in the next theorems, bounded functions have 
taken the place of the functions of bounded variation in Theorems 3 and 4. 
That we could not formerly make this more general assumption is due to 
the fact that there is a sudden change as p reaches zero when decreasing from 
unity. Otherwise the two theorems which follow are precisely analogous to 
Theorems 3 and 4, and constitute, like them, very wide generalisations of the 
properties of the familiar simple series of cosines or sines. 

It should also be remarked that in this and in the following theorems up to 
Theorem 12, we write the generalised condition of Lipschitz briefly. The 
notation (]i}~^') must be interpreted to mean 

XF~^, (0<X; 0<p<l), 

X being a quantity which has finite bounds independent of x and //. 

When X is a quantity as small as we please, which occurs, for example, if 
the quahtifcy ;p employed is not the smallest at our disposal {e.g., when there 
is no smallest), we use o in place of 0. 
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Thbokem 9. — If f(x) is an even function which in a certain neigKhourhood 
{ — e, e) surrounding the origin is such that x^'^p dfjdx is a hounded fmwtimi, 
■with a tmique limit asx-~>{), and in the remaining part af the interval (— tt, tt 
itself satisfies the condition of Zipschitz, 

I /(,, + /,) ^/(,,) I ^ (¥-p), (0 < A ; < p < 1), 

then n^^Pan = (1). 

Moreover, if in the Lipschitz condition he replaced hy o, 

^1-%;, -^ Lt cos \fTT ( - a^^^Pf {x) )fr (p + 1). 



a:~>0 



US put f(x) = fi (X) +/2 (X\ 

where /i (x) = f(x)—f(e) in the interval ('—e:sx:se), and is zero elsewhere. 

Then/2(^) satisfies our condition of Lipschitz throughout the whole interval 
( — TT, tt). Therefore by Lebesgue's result (loc. cit., § 1 supra) the theorem holds 
when for /we substitute /2 in the enunciation. Hence it is only necessary to 
prove that the theorem is true when for/ we substitute /i. 

STow in the interval {e, it) we have/i(;?j) = 0, and if ^<t<e, in it, e) the 
function /^i(.^) =f\x) is bounded, therefore we have 



fi (0 



r (0 dt 



'f-^'"Vg{t)dt, 



where g it) is the bounded function hypothecated in the enunciation. There- 
fore we may write 



TT 



/i (x) n cos nx dx 







= Lt 



/i (^j) d (sin nx) 



= Lt ( —/i (t) sin nt— fi (x) sin nx dx 



t-*o 



g (x) X ' ^ P sin nx dx 



rjie 







nP g(t/n)tr^"'Pmifdt, 



since / (t) 



A 



t~'^~-p dt, wheie A is the upper bound of |^(a;)| in (0, ^4 



so that tfi{t)y and therefore also/i(^) sin nt, for fixed % vanish as i^->0. 
^ow dividing the interval of integration (0, ne) at the point 2 Jctt, 



'ne 



g {tjn) t ^ P sin t dt 

2kn 



B 



^[(2z^7rr^+(.i.r^)], 



where B is the upper bound of \g{^S)\ in (0, e). Letting n increase indefi- 
nitely this term is therefore numerically ^ B (2 Z:'7r)"^/p, which is as small a.^ 
we please, if Ic is chosen conveniently large. 
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Also since g {tin) -* ^ ( -j- 0) boundedlj, 



f 



2kir t2kir 

g (t/n)r^~-'^ ^in t dt-* g ( + 0) f-^-p sin tdt. 
Jo 



Thus finally, letting first n and then k increase indefinitely, 
Lt /i (x) n^-'P cos m^ dx = —,(7 ( 4- 0) t~^~P sin t dt 

n-*-oo Jo Jo 

= -^ ( + 0) (cos ii?7r)/r (p + 1), 
which proves the theorem in both its parts. 

§ 11. Similarly we have the following theorem : — 

Theorem 10. — Iff(x) is an odd function, which in a certain neighhoiiriwod 
{-^Cy e) surrounding the origin is such that x^'^P{df/dx) is a hounded functimt 
with a unique limit as x-^O, and in the remaining part of the interval 
{^TT, tt) itself satisfies the conditiofi of Zipschitz^ 

f(x + h) ^f(x) = <^ (h^-Pl (0<hiO<p<ll 
then n^~Phn = (1). 

Moreover, if in the Lipschitz condition he replaced hy o, then 

n^~Phn -^ Lt sin ^pir {^x^+Pf {x)/r (p + 1). 

It is, in fact, only necessary to follow the reasoning of the preceding article, 
(1— -cos nx) taking the place of sin nx. 

§ 12. We now proceed to give other generalisations of the properties of 
simple sine and cosine series referred to at the end of § 7. That we have 
convergence to zero is due to the fact that whatever power of x~p we take, 
there is no index which will make this just summable. On the other hand, 
if a smaller index is used than 1/p, the example of the simple sine and cosine 
series shows that we must get o and not 0. 

Theorem 11. — If f(x) is an even function^ which in ( — €,6) is such that 

df '^Ip . . 
X -^ is integrahle (stcmmahle) and in the remaining part of the interval 
ax 

( — IT, it) itself satisfies the condition of Lipsehitz, 

/(^ + A)^/(^) = 0(^i-^), (0<A;0<p<l), 

then n^~Pan = (1). 

Moreover, if in the Lipschitz condition, Ole replaced hy o, then 

n^-'Pa,,->0. 
In fact, writing g (x) for x df/dx, 

^f(e) - tf(t) := ig (x) dx -H [ f{x) dx; 
and, therefore, as in the preceding article, tf(t) -> as ^-^ 0. 
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Thus we get, as in the proof of Theorem 3, or rather in Theorems 5, 
7, 9, in accordance with the remarks of § 9, that the convergence of na^ is 

virtually the same as that of — I g {x) (sin nxjot^ dx. 

Jo' 

We now use the theorem of § 8, p. 439 of my paper '' On the Mode of 
Oscillation of a Fourier Series and of its Allied Series,"* which tells us that 
this latter integral when divided by n^ converges to zero. Hence 7ian divided 
by '?^^ converges to zero, that is 

Theoeem 12.— If f{x) is mi odd fwndion 'wkick satis, jlcH the mm.e conditions 
as in Theorem 11, 

The argument is precisely the same as that used in proving Theorem 11, 

except that g {Q))\{l~~(iOBnQS)lx'\dor. takes the place of g(x)(smoix/x)dx. 

Jo " Jo' 

Eeasoning precisely analogous to that employed in the article quoted at 
the end of the preceding proof leads to the same order of magnitude of this 
integral as of the other integral, as is, indeed, pointed out in the article 
quoted, this integral being related to the allied series as the other is to the 
Fourier series. 

S 13. In the next two theorems we use, instead of the condition of 
Lipschitz, the condition of Lipschitz-Dini, namely, 

Lt ((log h[,/(a; + /0 -/(*)]) = 0. 

the convergence being uniform for all values of x, or as we shall for brevity 
write it 

I fix 4- h)—f(x) I = {- — --7~' J . 

Thbokem IS.—If f (^S) is an even fimclion, which in ( — e, £?) is such that 
x{dfldx) is hounded, and in the remaining pa/)'t of the i/rderval (—ir, tt) itself 
satisfies the condAtion of Lipschitz-IHni, 

then na.n ^r () log n. 

Further y if in addition xidfjdjS) has a unique finite limit as x~^Q, then 

nan = log n, 
that is na^/log n -> 0, 

* ' Lond. Math. Soc. Proc.,' Ser, 2, vol. 12. 
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The proof of this theorem is precisely similar to that of Theorem 9, using 
the corresponding result of Lebe'^gue's* and | 3, p. 436 of my paper*' On 
the Mode of Oscillation of a Fourier Series and of its Allied Series." 

Theoeem 14. — // f(m) is an odd function, satisfying the same conditions as 
in Theorem 13, 

nbn — log n, 

a'iid if, in addition, x{dfldx) has Oj unique finite limit as x~^0^ then 

Lt (nhn/log n) = 0. 



ft— >QD 



Here, again, (1 — cosw;!;) replaces minx in the part of the integral 
considered due to the interval (0, e). 

[Added JJecember, 1916. — In a communication made to the Societe 
Helve tique, in August, entitled "Sur les integrales multiples et les series 
de Fourier," I remarked that I had occupied myself with the extension to 
multiple Fourier series of results obtained by myself and others with respect 
to Fourier series of a single variable, and that I had as yet not found any 
which did not hold mutatis mutandis in the general case. This is also true 
of the results of the present paper.] 

''''' Loc. <dt.^ § 1 mi'pra. 



